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! Computer programs were written to calculate the power losses of the dominant
mode on a dielectric rod at points where the rod has a change in diameter due to
either a sharp step or a gradual taper. The equations used for the computation
are those of Dietrich Marcuse. The first program calculates the power losses at
a step in terms of the step size and the dielectric constant. The second
calculates the power losses for tapered roas of differing lengths, dielectric
constants and taper shapes. The results- are summarized in the tables.
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PART A: GENERAL THEORY

Ly

The equations governing the power losses of a cylindrical dielectric rod
due to variations in radius and dielectric constants have been deduced by
D. Marcuse.1 Starting from the solutions to the Maxwell equations, he
derivies the expression for the power loss in terms of the ccefficients of
transmission and reflection at a "step" (VIZ: a jump discontinuity in the

radius). These coefricients are calculated using the approximation that the

| reflected\fadiation modes are approximately orthogonal to the incident modes.

\

5

Assuminé\fylindrical symmetry, the fields of the incident bound mode are:

] \

AN
Ez = AN, (kr) cos v ¢ (1a)

Hz = B J, (Xr) sin V ¢ (1b)

Er = -if [K Bo A J; (kr) + wyu B ; 3y (Kr)] cos v ¢ (1¢)

[y

\

. Ecb 37 [soA!J\Q(Kr) +KwuBJ\', (Kr)} sin v ¢ (1d)
K- r \
AY

Y
\

\

Marcuse, Dietrich, "Radiation Nosses of the Dominant Mode in Round Dielectric
Waveguides," Bell System Technixal Journal, Oct 1970, p. 1665.ff.
AY

N,

\
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. vV ) .

He = - 15 & we; A - J, (kr) +« 8, B J¢(<r)] sin v $ (le)
K
. [ 2

H¢ = - Lz D Kweoh J6 (kr) + B, B % I, (Kr)] ces Vv ¢ (1£)
K

. . . h .
Where v is an integer, J,, 1s the vt order Bessel function and the factor

exp i(wt - Boz) has been omitted from each term.

K2 = w? g Ho (2a)

k2 = n? k2 - g2 (2b)
0

n? = dielectric constant

Bo = propagation constant to be determined by the boundary conditions.

The fields outside the cylindrical rod are:

Ez =C H% (1Yr) cos v § (3a)
= 1 . .
Hz = D H (iYr) sin v ¢ (3b)
T W v ()
Er =2 |iY8 CH (iYr) + w w D _H, (iYr)| cos V ¢ (3¢)
Y2 (o] v r
(1 (!
E¢=-’:{_2|:BOC¥H\, (i¥r) + i w p vy D H, (in)] sin V ¢ (3d)
(1) (1)
H = 1_ [é e ¢ H (iyr) + i YB » H,, (in?] sin vV ¢ (3e)
r YZ o r V o
. )’ (1)
H, = 1L_ [i Twe CH (iye) + 8 D U H (iYr){ cos V (3£)
U ¥ 0 v o r V
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Where the H's are the Hankel functions of the first kind of order v and

(4)

To insure the continuity of the fields at the interface, the following

eigenvalue equation must be satisfied by Bo:

2 (3 (xa) | i 81 (iva)
i Ya o -
(xa) Ka (1)

1 Hy (iva)

=1
N
uio
!
+

coq(1) (s
EIE Jo (Ka)_ 1. va i HO (iva)
k \J (ca) Ka %)

1 Hp  (iva)

o (5)
2

(We have set v = 1, specializing to the lowest order mode.) When this

eigenvalue equation is satisfied, the condition of continuity determines all the

coefficients in terms of A. The coefficient, A, is determined by the power in

the mode, as is discussed below.

The fields described so far are the bound modes and they fall off rapidly wich

discance from rod axis. Inside the dielectric, the expressions for the fields of

the radiation modes are the same as for the bound modes with A, B and X replaced

by F, G and 0 respectively. Outside the rod, these fields are given by:




i
!
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Ep = [H J, (or) + 1Y, (Dr)] cos V b (6a)
Hz = [x 3 (or) + M ¥, (pr)] sin V ¢ (6b) .
E,-=—;_23,pB[HJ\') (pr) + 1 Y (pr>] .
+Wwu = tK Jy (pr) + M Yv (pr{]g cos V ¢ (6c)
Ey = ;_2 gs 2 iH J, (Pr) + I Y (pr)]
+puwy iK J\') (pr) * MY (Dr)]g sin\)d)- (64)
Hr=-i_23weo§[njv(0r)+IYV(pr)] '
p
+p8 [K J{) (pr) + M Y\') (pr)]} sin V ¢ . (be)
H¢=—i;2_{,omeo [HJ()(pr)+IY\')(Dr)] '
. s%’[x NEIRES (pr)]% cos V (65)
where p2 = k2 - g2 (7)

The extra coefficients arise from .he fact that we can no longer require the
fields tc approach zero so rapidly. Their presence makes it possible to insure
the continuity of the fields without the eigenvalve equation being satisfied,
The equations arising from these conditions are sufficient to determine the
coefficients H, I, K and M used above, and also to determine the ratio of the

coetficients (We specialize to the case v = 1):

10
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a 2 1/2
F = Eg ( (g - b)2 + (e = d)” +c¢c” + f2 (8)
G € \g-n2b)2 + (e =02 d)2 + c2 + £2
!
! where b = p/0 Ji(ca) Y1 (pa) (9a)
|
! 2_ 1) k8
,» c={n_-1)k® 3 (ca) v} (pa) (9b)
: o] 02 a
, d = p/o J'l(ca) Jl(pa) (9¢)
e = J (0a) J'(pa) (9d)
1 1
2
£=0" - D kB (sa) s (pa) (%e)
0 o2 a i 1
, g = J (0a) Y'(pa) (9£)
i 1 1
!
; 0?2 = n2 k2 - g2 (10)
i
‘ This equation has two roots corresponding to the different choices of sign
1
I for the ratio F/G. As Dr. Marcuse indicates,1 this corresponds to the even
' and odd modes to be found in slab-symmetric problems (cos ¢ and sin ¢ terms).

To completely specify the problem, we have to specify the power in each mode:
3.2 2 2 2 2
P =(}1_> a3 ye g-n b +c g& g] + [% -n d+f ‘}22 E]
. 2 p o o F o F
] 9
Ty ¢ 2
+ lc + (g - b) EE G + |f + (e-d) g0 & F (11)
€ F € F

lSee footnote i on page 7.

. i s i ——
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where b, ¢, d, e, f and g are as above.

When the power in the mode is specified: then, for each choice of sign of
F/G, F can be calculated and then G and finally H, I, K and M giving a full .

description of the incident fields.

When the incident fields strike a step, the continuity of the tangential

components of the electric and magnetic fields requires that

r, r, R

(i) (r) (r) (r) ]
E +a E + q @®)E . ) +p @W)E ()| dp
r r

(t) °° . (t) €y ]
=c¢ E + q (PYE (P) +p ()YE (p)| dp (12)
t r,l t 2 :

r,2 K

with similar equations for E¢, Ez, Hr’ H

¢ and Hz

coefficient of transmission

]
]

coefficient of reflection

[+
[}

q (p) = the amplitude corresponding to the amount of power scattered into

the mode, P, for the first choice of sign for F/G

p (p) = same as q (p) with the sign of F/G reversed.




v e e s ot

NSWC TR 81-299

The superscripts 1, t and r refer to the incident, transmitted and reflected

waves respectively.

An exact solution to the resulting set of equations would be extremely
difficult. However, an approximate solution to the problem can be obtained by
ignoring the reflected radiation when calculating the coefficient, ot If the
steps are large, the radiation will be predominantly in the forward direction,
so neglecting the backward radiation seems justifiable in this case. If the
steps are small, then the radiation modes of the reflected radiation are nearly

orthogonal to the incident radiation modes and our approximation would seem

justified in this case, also.

Witn this approximation, it is possible to calculate the transmission

coefficient, Ceo and alsc the reflection ccefficient, a_, at a "step". 1If P

represents the incident power, then:

21, 1
c = 1 72 (13)
t (Il + Iz)P
I. -1
a =_1 2 (14)
r I1 + I

vhere the two ilntegrals are given by:

O N

e WM
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J, &, a,)
1 ="}l (8 A -wpB)we A -8 B).L 272" «
! L2442 11 1 o 2 2 2771
2 H1(i Y7 ap)
§ v
i
{
! 1
: (l_+_1_).x (c a)H (iy a)-L s a)H(y a) .
‘ 2 1 2 1 2 271 2
4 K ‘Y K
| 1 1 1
!
S
‘ 2
L4 - 1 BA ~-wpB)( we A -B BJ)J &K a)J (K a)
i ! 2 2 1 1 o 2 2 271 1 2 1 2 2
, 1 2
%2 ( 23 B )
+ weE n A A + B *
1 uBz 2

J K a)
+_1._(weBAA+wuBBB)._1_u__*
Y 1 1 2 2 1 1

Hp (1Y, az)

1
1 ia J ( a)H
2 2 1 1 2

1
(iy a)-1ia J K a)H (1y a)
+ o 2 2 1 1 1 1 o 2 1
! K Yz

Y 1 1
+ 2l(a J(k a)H (iy a)-a J (K a)H (iy a)
K 2 o 1 2 1 2 2 1 1 1 1 2 1

[o}

[

1 1
iH (Y a)H (LY a) 1
1 11 o 2 1

Y, 1 1
-i 2ZH (1Y a)H (Y a) (15)
\ YI o 1101 21

14




(2]

NSWC TR 81-299

2 J. (k. a,)
=T )-1l (v wsz 4 -3 B)@ & - wg )y 1 2 °2°
7y 2 o1 11" T2 2" 1
< ) .
1 Hy (i Y5 ajg,
1 1
L+l \J (¢« a)u Gy a)-1 g « a)d)H (iy a)
2 2 1 1 2 1 2 2 2 1 1 1 1 2 1
Ky Y2 Y,

J &k a) 1
+ 1 (we A -8 B)B A -wuB)_ 1 22 3 k a)H (iy a)
2 o 1 11 2 2 2 1 1 1 1 1 2 1

[ ST

H (1Y
i i ) az)
a J. &K, a.)
+ 1 (we B. A A +@wuB, B B,y L 171"
vy 2 2 o 2 21 1772
1 T2 Y2 -7 Hl iy a)
1 11
J (e a ) 1 1 1 1
1 iy H (iy a)H (iYy a)=-iY H (iy a)H (1Y a)
1 1 1 1 1 o 2 1 2 0 1 17 1 2 1
Hl(inaZ)

J, (K, a.) 1
1 2 2 a J (kK a)H (1Y a)=-a J
<2 + Y2 1 2 o 1 2 1 2 2 1
1 2 Hy (i Yy ap)

1
(k a )H (iY a)
o 1 1 1 2 1

1 1
+ 1fias (¢ a)H (iy a)-ia J ( a)H (ivy al) (165
21 1 2 o 2 2 1 1 11 © 2
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The subscripts 1 and 2 indicate a quantity found to the left of the step or
to the right, respectively. The quantities, A and B, are the amplitudes of the
electric and magnetic fields inside the rod. P is the power associated with the
dominant mode (v = 1). With the aid of these coefficients, the power loss

becomes:

80 21 - e |2 - a2 (17)
P t r
This equation is suitable for the power loss computation for an abrupt

step. Alternatively, the power carried away in the radiation modes could be

calculated directly from:

k

B

bp - f {|q|2+[p|2} LI_dB (18)

P - P
Both reflected and transmitted modes are automatically included by

integrating from -k to k instead of 0 to k. If we take a = a (z), then

M = gﬂ Az and Aa will be small so that an abrupt step is replaced by a sequence

Z

of small steps. The resulting value of q is:

L
q(p) = f I(p, z) g_:. exp [~i

[o}

t4
J e -9 d5] dz (19)
(o]

o}
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The function q (which governs the losses of the "even' modes) corresponds to
one choice of sign for F/G, while p (p) corresponds to the other choice (see the

expression for F/G above).

The function, I(p, z), is calculated by expressing quantities to the right
of a small step in terms of quantities on the left and a Taylor series

expansion:

the higher order terms being neglected.

1o, z)'= _ T
2 2

J (ka) *
1

Wy P
B +B)yplwe A gﬂ +wu BIK )«
o o Oda da

1
H (iy a)

Ji a)

ip
Y‘Io(p"”)+ (iy a)

H
a

4+ [— =IO

-1 g a)
2 2 Y P l(p

Y P

+ (B8 +B)Yyp Cn e ALl +y B @ﬁ)*
o o da da

17

R O e Lo ol R S -
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1
H (1Y a)

(o]
Pi0 T y; ()
Y Y, (pa) H iy a)
a ___ 1 -1 Y (pa)
¥+ D2 YpP 1

2 .
(k" + B A%K + g3} (pa)
tle v BB ( 5a | C3a)71 P°

a

The partial derivatives required for this function are:

2 2 2 : 2
Ha=m |lad” -0 0 35 (0a) Y'(a)+{2 -pa+n [pa-2_
9a 2 9 o 1 pa 302

2 2 2 '
-J (ga) Y (pa) + (n p /o -1)J (oca) Y (pa)}F
1 1 1 o

2 2
+ 0" -V BJlsy (a)Y (pa) +p J (ca) Y (pa)
we o2 p ° 1 1 o
(o]
-2 (oa) Y (Da)} G:, (21a)
a 1 1

a1 7 o2 2,2 2 2 2
=-T [la%° -n 0 5 (ga) J' (a) +{2_ -pa +n [pa - 2°0_
LE 2 g o 1 pa 202

2 2 2
J (ca) J (pa) +(n p/og -1)J (ca)J (pa)} F
1 1 1 o

18
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2 2 3
+ 07 - DK P )55 (ga)J (pa) +p J (ga) J (pa)
w € p02 o 1 1 o
[o]
-2 (oa)J (pa)} c] (21b)
a 1 1
2 2
K =To (n ~1)k [L{OJ (ca) Y (pa)
E! 20 wupo o 1
+pJ (ga) Y (pa) -2 (oa)¥Y (pa)} F +{a J (ca) Y' (pa)
1 0 a 1 1 o 1
+ _2 J (ga) Yy (pa) -lyJg (oa)y (Da)}CJ (21c)
P Ca 1 1 g 1 o)

2 2
M- _ TP (n -1)k [_B__{o J (oa) J (pa)
WHUHPpPOo o) 1

+

pJ (oa) J (pa) - 27 (oa)J (pa)}F +{a J (ca) J' (pa)
1 [} a 1 1 o) 1

+

2 _J (oa)J (pa) -l (ga)y (pa)}c:] (21d)
PO a 1 1 71 o

These equations are sufficient for the power loss computation from a tapered

rod.
In evaluating the integral, the end points of the region of integration

where 8 = + k are singular because 02 = (k2 - 82) will be zero at both end

points (see formula 18). But this singularity is only apparent and not real for

19
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lim Jq[? - 1im [p|% - ¢
Br+k P B++k P

H
The calculation is tedious, but as 8+k, F/G-rvtg- (from 8) and, for the even
o

modes (F/G > 0), from ll, we can show

lim F 1lnP = F
. B+k l Py o
;.

' exists, while for the odd modes, lim F.p"S/Z exists. For the even modes:
3>k

-5/2 Y J (pa) + p H* J.(pa) J,(pa)
L = lim p 3(3 +3)pr€aﬂ[a 0P? P 1pa_laJ
[o} [o]

Ja 2 2 oY
Y Yo

2
+ (k +8 a)a_KJ (pa)fA
o da 1
o

| =F ag aJd (coa) (Bo + k) k\[so/u A J

0=n-lk;F=1imF_ﬂ
° ° Bk

=5/2 Y H* Y Y
L= ting 5(6 v ypuwe 31 |al¥olea) teHr Y (0a) ¥,(0a)
B"K [o] o .3: YZ . pz Y p

"
< M =
+ (k + Ty (pa)pa=-1
8oB)Ba 1 a‘ 1

5/2 J_(Pa) + o H¥ J ) 3, «
LyTRR e 3(B+B)Yowuf’_‘iaY° e 1 (P) 3y @)
3 R o o 3a Y2+92 oY

e A o =t —

a

2
\ +(k +8 B J (pa) éﬂz B
o 1 3
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=F a(8 +kkx g aJ (ga)s "
[e] o] o o o] »

=
L}

Y Y (pa) +p H¥ Yl'\goa) Y, (pa)]
2 Y P

2

=572 "
lim p (B°+B>pruo-'—a -
Y- *to \

Q
'Y

”
+ (K + )QLY()}B=-L
8o B 9a 1 pa 3

lim I (p,Z) = g

B>k \ﬁ;

For the odd modes, the same result holds, but its derivation is easier.

At the other end point of the region (B = -k), the even modes have:
-5/2
1im Fp = F
B+-k 2

while the odd modes have

lim F lnp = f
B>-k 3
Vo
lim T (p,2)

Then, for the even modes, it is easy to show that B+ k
[

modes yield the same result after much difficulty, although the calculation is

= 0 while the odd

substantially the same as for the even modes near B = k.

There is another apparent singularity at B = 0 where formula 11 gives an

infinite value of F. But this, too, is not a real singularity; for, as 3+0:

g + nk , P+ k

21
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three limits: lim 7/G, l:im

lim m 4f/{8] G exist. Hence the
3~ o g+ o c

Q
<

. = | IF . =) 31 . y K Y : . -
iim |:| %% , Lim \{Sl ¥z o lim Q]B! =5 and lun\is! == all exist Zor both
choices of the sign of F/G and so too does lim !Bi I (p, 2). So the integrand

18] I°/0, z) has a finite limit a2t B = 0 for both even and odd modes.
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PART B: NUMERICAL PROCEDURES

A computer program was written to calculate, from Equation A-17, the losses
of the dominant mode at a step. The first requirement is to solve the
eigenvalue Equation (A-5) for Y. The eigenvalues were found to be very small in
the range of interest so the functions of Equation A~5 were expanded in a power
series in x and Ilnx (x = Ya) and terms involving x" for n > 2 were ignored

(see Appendix A). This led to the approximate formula:

2,49, &k _a)
Ya ~ 1.123 exp |-.5 B_* © o (1)
Koa J) (Kga)

l 2 !
Where K, = a” - 1 k. This formula seems to be valid as long as Koa

< 2.4048, the first zerc of Jo (x). This value (Ye) was used as an initial
guess and a step of 10% of Ye was used. The difference in the two sides of
the eigenvalue equation was formed for several values of Y starting with .7 * Ye
and increasing in steps of .1 * Ve uncil a sign change was produced. A
Regula Falsi method was then used to determine precisely the value of Y. The

0

values determined for f = 2.75 X 101 and n2 = 2.05 are plotted against k¥%*a

for the range .7 < k¥a < 3.0 in Figure 1. The final values ¢f Y are compared
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with the values estimated from the simple formula (1) in Appendix A. The

agreement is strikingly good (21l things considered) for values of k¥a < 1.

With the value of Y available, 30 and K can be calculated:

B/A

ra (Ka)z 23 3, a) _1
2 2 Ka (J; (Ka) Ka
Boa G.+ K//Y )

1
i Ho (iya) 1 (2)

+ 1 | -1
Ya 1 Ya
Hy (iva)
i i 5 \/s
This ratio was calculated and turns out to be very close to o/uo for
.7 < k*¥a < 3. In the expanded scale of Figure 2, the differences are noticeable

but they are less than 1%. With the aid of B/A, it is now possible to compute A

from the formula:

1 2
k8 2 | (iva) 2 L g2
+ _° Jay) o ) +1] + 2V 5 (va) 1 +__§_)
4 1 1 €

Hy (iYa)
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Assuming unit power in the mode, all the quantities are known except A and
the vulues of A are computed and plotted in Figure 3. A represents the
) amplitude of the z component of the electric field inside the red. For very
small radii, the amplitude is very small because most of the energy is outside
the rod and the inside fields are weak. As the radius increases, the amplitude *
of Ez increases passing through a peak near k*a = 1.8, then falling off. Now

if k*a = 1.8, then D/ (ratio of rod diameter to radiation wavelength) will be

, - e . . 2
about 1.8/7 or .57. This is just a tad larger than the value of .5 which Yip
claims to be the optimum condition for transfer of power to the dielectric

rod. Yip's work was for a dielectric constant of 2.56 and, when the calculation

is repeated for that value, D/\ turns out to be .51 (spproximately).

With tne aiud of the quantities computed thus far, it is possible to evaluate
numerically the two integrals Marcuse gives and from &i8m to compute the

transmission ana reflection coefficients and, thereby, the power loss:

A 2 2
P =1 - -
By |-

The values of these for various values of ka are listed in Table 1.

TABLE 1 POWER LOSS AT A STEP

i

|

’ I3

t ka, cr ay Ap/p

? 1.4 .169 -.0207 971

' 1.8 513 -.0476 729

; 2.2 779 -.0649 .389

: 2.6 917 -.0701 .155

’ 3.0 .975 -.0680 044

) ’ Power Loss at a Step From A 13, 14 and 15; £ = 2.75 X 1010

' n? = 2.05 and Step Size = a»/aj] = .5.
J - .
“Yip, Gar Lam, "Launching Efficiency of the HEIL - Surface Wave Mcde on a Dielectric
Rod." IEEE Transactions on Microwave Theorv and Techniques, Vol. MTTI-18 #12,

. Dec 1970.
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FIGURE3 AMPLITUDE OF THE Z COMPONENT OF THE ELECTRIC FIELD (UNIT POWER
IN THE MODE) VS ka INSIDE THE ROD
28
e e, ot ittt i ool Rb




e s o A . e e e e e

NSWC TR 81-299

From the table, it 1s clear that the power losses fall off rapidly with
increasing values of k*a. 1Indeed, if k¥*a > 1.8, the power loss varies inverselyv
with the square of k¥a (see Figure 4). This will serve as an approximate guide
for calculating losses in this range. A complete listing of the program is
given in Appendix B. For the tapered dielectric rod, the power loss may be
computed from Al8-A21. 1In order to use these formulas, the values of Y, 80, A
ané B must be calculated for each value of the radius, a. 1In the tapered
dielectric, a is a function of z and the first requirement is that a suitable
function be chosen. Four different types of function were used and the graphs
wvere (a) linear, (b) exponential, (c) parabolic and (d) elliptic. When the
functions were chesen, the axis was divided by 50 points and the radius at each
of the fifty points calculated. The eigenvalue problem was solved for each of
the points and the values of Y, A and B were stored in arrays. The ratio F/G
was evaluated and both values of F (one for each choice of sign for F/G) were
calculated and the corresponding values of G. The partial derivatives g% R
gé , gé and %g were then evaluated and, finally, I(p, 2z). The B-integral:
[exp-i -fz (BO - B) ds] was evaluated using Simpson's rule wher z/Az was
even. oWhen z/ Az was odd, Simpson's rule was used to calculate the integral up
to 2-Az and the trapezoidal rule to extend the integral to z. With I(p, z) and
the B-integral both defined, Simpsen's rule is used to calculate q(p) & p(p)

from Al9 and used again to calculate the power loss from AlS8.
For the linear tapers, the step was always .5 and the length was varied to

make the taper more or less steep. The dielectric constant was also varied to

study 1ts effects on the losses. The results are summarized in Table 2.

29
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, TABLE 2 POWER LOSS OF A TAPERED ROD (LINEAR TAPER)
]! - n2+
i
i 1.5 2.05 2.56
\
‘ R 10 42482 .11898 .034436
! ) L/a, 20 .30241 .067682 .016090
} v
100 .045451 .010152 .002784

Power Loss (AP/P) as a Function of Dielectric Constant (n2)
and Length to Radius Ratio (L/@,) for f = 3 X 1014,

a, =4 X107, a = .2% 1046, ka, = 2.513.

As is readily seen, long rods lose less power than short rods and high
dielectric materials lose less than low ones. For exponential tapers with

exponent 4.6 (ie: exp - 4.6* z/L), the results are summarized in Table 3.

TABLE 3 POWER LOSS OF A TAPERED ROD (EXPONENTIAL TAPER)

2
1.5 2.05 2.56
10 .45190 .12191 .020800
L/al 20 .36540 .045%15 .0025997
100 .054494 .0012596 .0022469
50 .0016464

Power Loss as a Function of Dielectric Constant and Length
to Radius Ratio for an Exponentially Tapered Rod.

(Frequency & step size as in Table 2)

Comparison of Tables 2 and 3 show that the exponential taper is not very
much better than the linear taper in the region considered. The question
. naturally arises as to whether the exponent -4.6 is the best choice. So a
family of exponential curves was chosen Yexp = p * z/L) and the dielectric
constant was taken to be 2.05. The calculations were then performed for various

values of p. 1If p » », the curve approaches a step and the results of the

31
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preceeding section are applicable. If p - 0, the curve approaches a straight

line and the linear taper calculations apply. The results are summarized in

! Table 4.
|
§
a TABLE 4 POWER LOSS OF A TAPERED ROD (VARIOUS EXPONENTS) )
:
< L/al-b
' 3 10 30 100 taper
% 0 .119 .010152 Linear
f , 3 227 .110 .02437 .00131 e3z/L
' ' pl| 4.6 122 .00126 e~4.62z/L
' 7 244 .163 .02364 .00230 e~7z/L
® .194 .194 .194 .194 STEP

Power Loss for Various Exponential Curves and Various Lengths.
nZ = 2.05.
From the table, it appears that minimum power losses occur for different
! exponents depending on the value of L/al. For L/a1 = 10, the minimizing value of
p should be close to 3, while for L/a.1 = 100, it should be nearer to 4.6. The

dependence of pon the dielectric constant would require further calculation.

Two more tapers were calculated for various values of L/A. The first was a
parabolic taper with the vertex at the thin end of the rod and the second was an

i ellipse whose center was above the thin end of the rod and to the left of the

thick end (see Table 5).
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' TABLE 5 POWER LOSS OF VARIOUS TAPERS

! -(—L/al->
: . Taper 3 10 30 100
Ellipse .21935 .10793 .021004 .0015239
! Parabola .229 .11975 .036586 .001378
! 0
i
t
i ' The elliptical taper has lower losses than the parabolic for short antennas

and the same is true when the elliptical rod is compared with the

exponential and linear tapers.

A complete listing of this program is given in Appendix B.
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APPENDIX A

SOLUTION OF THE EIGENVALUE PROBLEM

bournd modes, 1t is necessary that 8 satisfy the eigenvalue

"o
equation.
i ul (iya) 2 241 (<a)
1 - Ya 0 - n &Y o -1
1 (3 J (ka) «Ka
Hy (iva) 1
l 3 K
l—YalHo(l(a)—flz Jo(a)-1
1 S J (ka) Kaea
Hy (iYa)
(a2 - 1)38 &2
= o
2
[2 2 2 2
w'nereY=~3~k and < = - 1)k -y
o
Set ya = x , rKa =#¥¥*¥ ana ka = k¥
JO (k%)
Expand the term Tl—\?:‘ - =3 in a power serles about x = 0 and set t;
J.«™ . =
t = = < . where * = n« - 1 k*
N ((.(.".) <~.: o
1 N o
A-1
M
Ao i
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i w! (iva)
[e]

Expand Ya ~— 1ln a power series in powers of x and lnx.

Hl (iva)

1
iH (iya)

—

1
Hy (iYa)

2 2
Ya -2 =~ (Ya) [Yl + 1n ;a]+ 0(ya)

where Y; = the Euler constant = .5772

The eigenvalue equation for Ya (=x) becomes:

2 2 2
1 -x (y +InX)+D2 X ¢ ] *
1 2 K* 1

2 2
1 -x (y + 1n X) + % t ] =
1 2 * 1
K
0

2 2 %2 %2 2
2

(n® - 1) k (k + X

2 * 2 27
(n - 1)k - x ]

2 2 t
1 -x |2 Tl + 2 1n % +(n + 1) L

|4

1 - x2 (% Y, * 2 in % + (n2 + 1) -é) + O(xa) = (} +

K
[¢]

The result 1is:

2

"2)(1- :

;‘7 (n2
+ O(xa)

T . %3

*
-1y k2
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2 2 £ 2 " 4
-x [27 +21n X+ (n +1) 2)=23 __~ < X + 0(x )
! 2 K %2 *2
o |3 (n - 1)k
2 t 2
-{2 v 2la X+ (o +1) L)1 1+ 2 + 0(x )
1 2 3 Y 2
o k (n - 1)
2 2
2y ca e O L U U RN
1 2 e 2| 2
o k n -1
2 2
21ax=-1 fo  *+1 -2y - * 1y
2 7 1 FORE
k n -1 o)
K= 2
= - 1n+1+2Y+n2+1Jo(o)_“+l
2 1 T (k) 2
n -1 0 1 0 o
2 2
k =(n -~ 1)Kk
)
" *
pl vl niel L =>1n5=-l{2Y+n*-1—J°(KO)}
2 2 *7 2 2 1 * *
K
o n - 1lk o J; (ko)
2 J (¥
lnX3 -y +0°*+11 "0 o {4+o0(x)
2 1 2 *
o Jp (Ky)
X x~ 2




Y ~2 exp (-.5772) exp - B

Ya ~ 1.123 exp - % n

This formula gives an estimate for the value of Yy that satisfies the

eigenvalue equation.

The estimate will be reliable when (1) ya<<l and (2)

2
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1 1 Y (\[2__—1“)

K

' 2
V¥ n° - 1 ka < the first zero of Jo

TABLE A-1 SOLUTION OF THE EIGENVALUE PROBLEM

For n? 2.05 ka < T%ﬁ? =

ka Ya (formula) Ya (meputer calculation)
g .5 1.5 X 1072 1.48 X 1072 ;

.625 9.74 X 1074 9.76 X 1077

.75 9.45 X 1073 9.50 X 1073

.875 3.77 X 1072 3.77 X 1072

1.0 1.08 X 10-1 9.32 X 1072

1.125 1.69 X 1071

1.25 2.63 x 1071

1.375 3.56 X 1071

1.5 4.72 X 1071 5.48 X 1071

For the range of values in Table A-1, the formula seems to be accurate to

within 15%.

scheme.

It gives a useful initial guess for the start of an iteration
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APPENDIX B

FORTRAN LISTING OF THE COMPUTER PROGRAM USED

A B LN
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' PENGRAM TAPER(INPYT,NUTPUT, TAPER)

CCM™ON A, BETA, BETagqQ, 2INT, capa, caes,
! 2CmCA(2),CIDA(2),CXNAL2), DMDA(2), EPSH , Fl2), FOC(2),
! TFUNC, Gt2), GAMMA, IR21, IR?2, JOR, JOS,

o JIR, J1FP, J1Sy Jise, K, KAPPA, KSG,y
3 SLENGTH, MU, MU, NSQ, CMECGA, Py PI,

€ RHOy SIGMA, voe, v Qs, YiR, YiRP, Y1s,

7 YiSP

CCMMON /NUMBER/ KMAX,NMAX,IPT,IPTML,AC ALEN,SWITCY,2,02
COMMON /88Y/ AARRAY
CCMMCN /7B8RY/ BARRAY
COMMON /GRY/ GARRAY

COMMON/B TN/B INTH
! DIMENSION EINT1(S51)
DIVENSICON GARRAY( 51 ) ,AARRAY( S1 ),BARRAY( 61 )
‘ REAL LENGTHyK,KST,NSN,LOA  4NU,MUQsNU,KAPDA
! c ALL DIMENSIONS MyST BE MKS $222I23STILSSSSST T2 LESESE
! P=4.,
. ) PIa3.16159
MUN=4,E-72PT § EPSO=1,E-9/36,/P1
. IPT 2144 $ IPTM1 =IPT-q

N“AX = 50 $ KMAX =50
NMAXYL = NWMAX
3 READ 5,A,.10A,STEP,NU,NSQ s SWITCH
5 FCRMAT(6E12.5)
IF(LOA.LE. D) STOP
CMEGA =2.°F1%NU
AE = STEP+a
LEVGTH = ECA *A
PRINT 6,8,A8E,L0A,NU,NSN
6 FCRMAT(*1THE GECMETRy IS*,/,s BEGINNING RADIUS = #,£12.°5,
C S*FINAL RACIUS = *,E12.5,/,* LENGTH = *,E£12.5,//,% FREQUENCY = »,
A E12,5,% DIELECTRIC CONSTANY = %,£12,.5)
ALEN = LENGTW .
Mys INIT(®)
‘ MU=MUD
| KSN =OMEGA®CMEGA®*MUQ*EPSE $ K=SORT(KSC)
! CALL GamsSeOLV
; CALL BINTGRL
i DINT=0,
) SIMPSON =4, $ SIGN =-1,
BETA =<K $ DBETA =X/FLOAT(KMAX )
KMAX = 2% KMAX =%
00 100 KK=1, KMAX
BETA = BETA ¢ DEETA ® RHO =SORT(KSQ-BETASRETA)
IF (ABSIBETA) 4GT.0,05*DBETA) GO TO 98
! CALL BETEQO
| DINT = DINT# FUNC
G0 T0 99
98 SIGMA = SCRT(NSQ*KSG-SETA=BETA)
CALL INTEG
DINT = DINTe STMPSON®FUNC*ARS(BETA)/RHO
23 SIMPSON = SIMFSON $2.%SIGN
100 SIGN = =STGN
OFNDP = [DINT®CBETA/3,
PRINT 12,0INT,DEETA,OPOP
12 FCPMAT(1MY, E12.5,%0BETA=%,E15,9,%AND THE POWER LOSS IS*,E12.5,/7)
KMAX = (KMAX +1)/7 ¢ GOTO 3

|
|
|
' STOP $ ENO
SUIROUTINE BINTGRL
COMMON A, BETA, BETAD, BINT, CAPA, Carg,
20k0A(2),010A(2),0KDA(2), DMDA(2), EPSH , F(2), FOG(2),
JFUNC, G12)y GAMMA, I1R24, 122, JOR, J8S,
4 J1R, JIRP, J1Sy J15P, Ky KAPPA, KSC,
}
| Copy available to DTIC does not

pemit fully legible reproduction
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SLENGTH, MU, My, NSQ, OMEGA, P, PI,
6 RHO, SIGMA, YO®, Yos, Y1R, Y12P, Y18,
. 7 Y1SP
. COMMON /NUMBER/ KMAX,NMAX,IPT,IPTM1,AE,ALEN, SNITCH, 2,02
COMMON /BIN/ SINTY
CCMMON/GRY /GARRAY

DIMENSION GARRAY(1 ),3INT1(1 )
REAL IRZ1,IRZ2,J0R,J0S,J1%, J1S,J1RP,J1SP, Ky KAPPA,KSQ,MU,MUT \NSO
REAL LENGTH .
¢ USES A CCWSINATION OF SIMPSCN®S RULE ANG THE TRAPEZOIDAL RBLE TC EvaLyu
¢ THE INTEGRALS
BINTL(1) =0,
FIRST = SORT(KSQeGARRAY(1)®GARRAY(1) )
. DC 5 NNz2,NMAX ,2
SECOND = SQRT(KSQ+ GARRAY (NN)SGARRAY (NN) )
. BINTL(NN) = BINTL(NN-1) +.5%(FIRST+SECOND)*02Z
) NNP = NN+%
SECOND = FIRST +4.%SECOND
FIPST = SGRT(KSQ+ GARRAY (NNF)*CARRAY (NNP) )
S BINTLINNP)= BINT1(NN-1) +(FIPST+SECOND)*DZ/3.
RETURN 3 END
SUSROUTINE INTEG

CCMMON A, BETa, BETAO, BINT, capPa, CAFP8,

2DHNA(2),01IDA(2),0XDAC2), DMDA(2), EPSB , F(2), FOG(2),
IFUNC, Gl2), GAMMA, IRZ1, IR22, JOR, Jos,
b JIR, JIRP, J1S, J1SP, Ky KAPPA, KSCy
SLENGTH, MU, NU D, +:8Qy CMEGA, Py PI,
6 RMO, SIGMA, YOR, v QS, YiR, YIRP, Y1s,
7 YisP

COMMON /NUMBER/ KMAX,NMAX ,IPT,IPTM1,AE,ALEN,SHITCH,Z,0Z
CCMMON /BIN/ SINTY
DIMENSION EINTL(1)
REAL JOR,J0SyJiRyJIRP 4 J1S,J1SP K 4KAPPA,KSQ,LENGTH,MU,MUQ,NSQ
REAL IRZ1,IRZ?
! CCMPLEX 86GySUML, SUM2
' PRINT 2, BETA
2 FCOMAT( {M{,® BETA =%, E12,5,* $ESEE3LIESTESS> )
1PoT=y 5}
NMAX 1= NPAX +#1 [<]
Z=9 o
A=FNI(Z) § CADZ= FNP(Z) $ P=1, b
CALL GAMFIND U
CALL ERROR o
caLL IRZC IS
PRINT 3,2,2,IK21,1R2? Q
L

SUMt = IRZ1*DADZ*BEJL (KAPPABA) /GAMMA/GANMA
SUM2 = IRI2*DADZ*RE J1 (KAPPASA) /GAMMA/GAMMA
SIMPSON =8, § SIGN =-1. o
BZ = LENGTH/FLCAT(NNAX) € 2= D2RNMAXMI=NMAX=1 o)
DC 100 NN=1,NMAXMY SA=FN(Z) $ DADZ=FNP(2)
CALL GAMFIND
BINT = BINTL(NNG1) ~3ETAS? i &
ARG = CMPLYX(D0.yEINT) % ARG=CEXP(~-ARG) -~
CALL IRZC 8
. CALL ERRGCR [a) a
: IFLIPPTLLE.1) O
1 1PRINT 3,84251K21,IR2?,BINT ,GAMMA ,CAPA,CAPE

3 FORMAT(IH ,%A=*,E12,5,% 2=*,F12.5,* * , 5E12,5)

i IF(IPRT.GY.IP TF1) IPQT = IPRT -IPT
H * IFRT = IPRT 1
! SUME=SUM1+ IRZLPDANI®ARGPSINPSCN »0E 1 (KAPPASA)/GANNA/ GAMNA
' SUM2=SUM2s IRZ2%0ADZ*ARGHSIMPSCN *8ZJ1 (KAPPA%A) /GAMMAY/ GAMMA
SIMPSON = SIMPSON #2.,*SIGK ¢ SIGN =-SIGN
- 10 727402

W
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A=EN(Z) ¢ DADZ = FNP(2)

CALL GAMFIND

BINT = BINTL(NMAXL) - BFETAs?

ARG=CMPLX{0.4EINT) $ ARG =CEXP(-4RG)

CALL IR2C

PRINT 3,A,2,IRZ2%,1IR22

SUME= SUNMI+IRZ1#DADZ* ARG ¥BEJI(KAPPASA) /GCAMMA/GAMMA
SUM2= SUM2+TIR72¢0ADZ*ARG*BEJL (KAPPA®A) /GAMMA/GANMA
FACTOR=,25%P1 /RHC/RMO

SUML= SUMI*FACTCR $ SUM2=SyM2*FACTOR
SUML=SUMI*0Z/3, § SUM2=SUM2°D2/3.

FUNC= CABS(SUML) *22 + CARS(SUM2)®%+2

PRINT 4,FUNC

4 FCRMAT(® THE VALUE OF O SNUARED + P SQUARED FOR THIS VALUE O0F BET

TA 1S%, E20.12)
RETURN ¢ END
SU3ROUTINE IRZC

CCMMON A, BETa, BETaAL, BINT, CAPA, CAPB,

20HNA(2),DIDA(2),CK0AL2), DOMDA(2), EPSO F(2), FOG(2),
IFUNC, G2y, GAMMA, IRZ1, IRZ2, JOR, JOs,
4 JiR, JIRP, J1S, - J1SP, Ky KAPPA, KSGCy
SLENGTH, MU, Mug, NSQ, OMEGA, Py PI,
6 RHO, SIGMA, YOR, Y 0S, YiR, YiRP, v1s,
7 YiISP

OIMENSION H(3), HF(D)

DIMENSION IRZ(2)

REAL IRZ1,1IRZ22

REAL IRZ ,MU

REAL JO0S,J1S,J1SPyJOR,JIR,JIRP,NSQ,K,MUD,HU,KSQ,KAPPA
CALL HANKEL (1 3GAMMASA ,HF, My FO, k) :

CALL FOGC

TEOM = A (GAMMA® JOR-QRHCH*F O/ HF (1) 2 J1R)/ (GAMMA®GAMMASRHO®RKC)
TEPM= TERM<JLR/RNC sGAMM2 .

TEOMY= A% (GAMMARYNR-RHOSFOSYIR/HF (1) )

TEOMEI=TERML/ (CAMMARGAMMASL RHO®RED) -YIR/GAMNMA/RHO

CALL DMDAC $ CALL DxDaC

CALL DIDAC $ CALL DW™DAC

FACI=(BETAQIBETA) *GAMMASRNO*OMEGA

FAC2= FACI*MU*CACPPSFACLI=FAC14EFSO*CAPA

FAC1= FACI®TERM¢ (KSQ+QETAN®RBETA) *CAPE*J1IR

FAC2= FAC2*TERM+ (KSC*3ETAOBETA)*CAPA ® iR
FAC3=(BETAQ+BETA) *GAMMASRHI®OMEGA
FACU=FAC3I*MU*CAPS*TERMY ¢ FACI= FAC3I*CPSQ*CAPASTERML
FACS= FACI¢YIR*CAPB*(KSOQ+3ETAQ®BETA)

FACLh= FACHLYLIRPCAPAR(XSQeBETAQ#BETAY

D0 2 1I=1,2
IRZ{IZ)=FACL*CHCA(TI) +FAC?*CKOA(II) ¢FACI*DIDA(LII) ¢FACU*CHDACIY)
IR7Y = IRZ(1) $ IRZ2= IRZ(2)

RETURN $ END
SU2RNUTINE BETECGD

CCMMCN 3, BETA, BETAO, BINT, CAPA, CaPB,
20MNA(2),0INDAC(2),0K0A[2), DMDA(2), EPSO , Ft2y, FOG(2),
IFUNC, G(2), GAMMA, IRZY, IRZ2, JOR, J8Sy
4 J1R, J1RP, J1S, J1SP, Ky KAPPA, KSGy
SLENGTH, MU, »UQ, NSGy OMECA, Py PI,
€ RHO, SIGMA, YOR, YQS, Y1iR, Y1RP, Y13,

7 YiSP

CCMMCN /BIN/ EINTH

DIMENSION EINT1(1)

CCMMON /NUMBEF/ KMAYX,NMAX ,IPT,IPTM1,AE,ALEN,SWITCH,2,02

PEAL LENGTHyNSQ

REAL IRZ1,IRZ2yJORy IS, J1PyJI1S,JIRP J1SPyKyKAPPA,KSQyMUyMUTINSQ
CCUPLEX ARG,y SUML, SUM?

PRINT 2, tETA
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2 FCOWAT(1m1,* EETA = *,£12.5,* frezeeeesTses)
IFOT=y
i . 2ETA =1,
} STGCMA =K*SCRT(NER)
2 =0.
A = FN(2) & DAD2= FNPI(Z)
NMAXY = NMaX
CALL GAMFIND
CaLL IRZoO
PRINT 3,8,2,1F21,1IR2>
FCOMAT(1H ,*4= »,F12.5,%7= *,E12.5,* *,6F12.5)
SUML =TRZU*DALZ*EEJLIKAPPA®A) /CAMMA/GAMNME
SUM2 =IRZZ*DACZ*QEJI(KADPA®A) /CAMMA/GAMME
i SIMPSON =4, § SIGN =-1
. Z =02
NMAXME = pNAX-2
CN 100 NN =1 ,NMAXMY
. & = FN(Z) % DADZ = FN®(Z)
CALL GAMFIND
SINT = EIMNTLI(NNGD)
ARG =CMPLX({D., 4BINT) ¢ ARG = CEXP(-2RG)
caLL IRZ8
CALL ERRCR .
IF(IPPT4LE.1)
1OGINT 3,8,2,1721,1I222,2INT,GAMYA,CAPA,CAP®
IF(IPRT.GT.IP TN1) IPRT = IPRT ~IPT
IFRT = IPFT +1
SUMY = SUM1 ¢ IRZISCANZPAPGHQIMPSONSCEJY(KAPPLASA) /GAMMA/GAMMA
SUM2 = SUM2 + IRZP*CADZ*APG*SIMPSCN®ECI1(KAPP »8)/GAMMA/GANYA
SI¥PSON = SIMFSON #2,*SIGN
SIGN = =SIGN
100 Z= 7 + €2
& = FN(Z} § DADZ = FNP(D}
| CALL GAMFIND
i BINT = BINTL(NMAXY)
ARG =CMPLY (0. ,BINT) § ARG = CEXP(=-ARG)

w

caLL IRZD

PRINT 3,8,7,1R21,122°

StML = SUM1 ¢ IRZ1I*CART#ARG SBIJL(KAPPASA) /G EMMA/GAMMA
SLM2 = SUM2 ¢ 1822%CANDZ*ARG *EFEJI(KAPPASA) /GAMMA/GANMYML

FACTOP = .25%*F1/RrO/2HC02/ 7.

SLM1 = SUNMISFACTOP 8 SUM2= SUM2SFACTCR
FUNE = CLESI{SUML) **2 & CATS(SU~2) **2
FUNC = FUNC/RHO

RETURN % END
SUQRCUTINE BESSFN
CCMWCN /CAM™SOL/NMAX

|
' CCMMCY A, BET2, BETAQ, BINMNTY, caprPa, CAFB,
‘ 20KNA(2),D10A(2),N¥DA(?), OMDA(2}, EPSO , F(2), FOG(2),

IFLNC, Gl2), GAMa, IRZY, Ir22, JoR, Jas,
‘ L J1R, J19P, J1S, J1SP, Ky KAPOA, vSGC
’ SLEMGYH, Yy, NUT, NSGy QMEGA, Py I,
¢ & &MO, SIGMA, YO R, Y LS, Y1iR, Yirp, Yis,
{ 7 viSP
lf REAL IRZ!,I‘!Z?.,J'J%J'?S,Ji’pJ1°P,J1$'J1SF,K,KAPDA.KSG,LENGT-J,*‘U.P‘UC
t QEAL NSO
! o = RMO®A ¢ S= SIGMA®A
; J0P=2£,0(F) § Y02=32Yp (R}
! . J19=3EJ1 () Y19=ECv1(®)
‘ J12P = (R*JOR-J1RP) /P $ Y1I5P ={R*YJR-Y1IRI/R

JOS=2FJo(s) % ¥3<S=2Fv0(S) L
’ J1S=zREJL () ¢ vi<=orvyi(3)
. JISP = (S%J0S-J1S)/S % VISP ={S*y0S-v1S)/S \
RETURH 1 EN? a0 o0
o
1 o D'Y\C‘od\;cw
.\0\)\0 v \e 18?
' o ne)
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<U3RQUTINE IPZD

COMMON A, EETA, 2ETAD, BINT, Cara, caez,
2DNNA(2),0T1C0A2) ,0%D8(2), D™DA(2), EPSO , F(2), FCC(?),
IFUNC, G 12), GavMa, IFZ1, IRZ2, JCR) JBS,

4 J1R, J1RP, J1Sy J1sP, Ky KAPPA, KSG,
SLEMGTH, MU, MUT, NSC, OMEC 2, P, PI,
6 FHO, SIGMa, YOR, Yns, YiRy YiRP, Y1S,
7 Yise

CCMMON /NUMBER/ KMAXYyNMAY yIPT,IPTMY,AE, ALEN, SWITCH,Z,02
DINENSION MF (3},BUM () , TRZ(?)

REAL JOP,J0S,J 1R, J1S,J10P,J1SP,IRZ4K,KSO,MU0,NSC
PEAL IRZ1,IRZZ,KAPPA,LENGTH, U

RPHO =K

SIGMA =K¥SCRY (NSC)

CELL 3ESSFN

B = KPY1RSJISF/SIGNA

C=K®J1R* J1SP/SIC™a

E=J1S*JLRF

GG=J1S%Y1RD

F1= SNRT(PUO/EPSO)

FCG(1) =(GG=BI*{GG~-3) #+(E-D)*(£=D)

FCG(1) =FOG(1)}/ LIGG-NSCPE)%+¥2 +(E-NSC*D)*>2)
FCG{1) =SART(FOG(1) ) *F%

FCG(2) = - FOG(1)

FAC = 125%PI*s2%A® ASCMEGAREPSO/ RHO

TY = (GG-NSQ®E)**2 + (E-NSO*D)**2
T2=(GG-2)*%2 + (E-D)**2

T2 = T29MUO/EFSA/FOGI1)/FOGIL)

FU1) = FAC®ITY +T2)

FL1) =SOPT(1./F (1) )

£(2) = F(1)

G(1) = FI1I/FCGL1)

G2y = - G(1)

ORNA (L) = PI*K5,5% (NSO-14)%x*4%C (1) )13
CINA(L) = -DHCA(1)%*J1R

DHN3 (1) = DMDA(L) *Y10©

DEDA(2) = CHDA(1)

DINA(2) = DIDA(1)

DKDA(1) =.5*PI%(NSQ-1.) *KSQ/SART (NSQ)
TL = A% JoS

T2 = 2.%J1S/A/KSA/S2PTINSD)

T3 =J1S/%/SG2T (NSN)

DMDAL) = =DKCA(1)*(T15J1PP+T2%J1R+TI*JCR)I*G(1)
ovNA(2) =-0MpAC(L)

OXKNACL)I=CKCA(L) *(TL*YIRPHT2oY 1R+ TI®Y(02) *C (1)
DkNa(2)= -0kpDA(1)

T1 =9ETADSGAMNASKSOMIGA

T2 = TisML0*CaPR

T1*EPSO*CAPA

CALL HANKEL(L1,X,HF,DUM,F0,0UM)

TEOM = GAMVASYOR-RHNC*FO/HF(1) *J1IR
TEOM =A+TEGM/ (GAMMASGANMA & RHC*RHO)
TESM = TESM= IR/ -3/754MM4

T1 = TL*TERM ¢ T2 = T2¢TERM
T1 = T1 ¢ KSC®CAOR® j1 0

= T2 +KSA®CARA&® 10

TFOM =GAMMASYQR-RHOSF(Q/HF (1)3V4R
TESF = TERMPA/(GANNAPGAMMAIKSN) «V1R/GANMMLI/K
T3 =RETAQ*SAMNAS K AgNT S
Ty = T3IsMLO®CAPESTER™

Tt =T3IsEFSOSCAFASTEDN

T2 T3 #KSQ®YIR*CAPD

Tu = Ty +XSN*YLIF*CAPA
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0C 10 I=1,2

IFT(ITY = (T1*0H2A(T) +T7230xJA(T) «T3I*ZIDA(II+TL*DMDA(T) )
IRTYL = IR2(1) ¢ 1IRP22 = IR7(2)
RETURN & END
SUSRQUTINE FOGC
CCMMON A, BETA, BETAQ, BINT, ceea, CAF?2,
2DHNA(2),D10A(2) ,0KDA(2), DMCA(2), EPSO , HL2) FCG(?),
3FUNC, Q12), GANMA, IRZ1, 1R22, JOR, Jns,
4 J1IR, J2’P, J1S, Jise, Ky KaApPPA, KSG,
SLENGTH, MU, Myo, N<3, CMEGA, P, PI,
€ RO, SIGMA, YOR, Y 0S, YiR, YiRP, Yis,
7 Y1SP

REAL JO0S,J1S,J1SP4J0R,J1IR,J1PP,NSQ,KyMUL
PEAL IR21,IRZ2,KAPPA,KSCy LENGTFyMU

CELL BESSN

B=2HCA J1SFEYIR/SIGMA
C=(NSQ~-1.)*K*EETASJ1S/ (A*PHO*SIGMA*SIGMA)
F=C*JIR ¢ C=C*Y1R

D="HO®JL1SF2J1R E=J1S*JIRP ¢ G= J1S°Y19p
C=n/SIGMA
FCG=(G=B)®* (G-FR) ¢ (E~N)* (E=N) +C2CeF*F
FCE=FOG/ (1G-HSQ®3) $ (G-NSON*T Y ¢ (E-NSC*D) > (E-NSC*D) +C*C+F *F)
FCG = SCRT(MUJ*FOG/EPSE)

c +CWER CALCULATICN
pc s I=1’2
FAC=SQRT(¥UG/EPSO)/FNG(])
P=(G-NSQ*E+C*FAC)I** 2+ (E-NSN*DsFeFaCIas2
PPy [CelG=3F) #FAC) #%2 +{c+ (5 -DN) FFALC) **2
Pz, 125%FI*PI*FCI»ARA»ICTASTMEGA®EPSO*P/O R0
IF(PA T,0.) P==F
HIT)=SARTU1,/F) 8 n(I) =H(I)/FCGII)
5 FCG(2)=~FCG(1)
P=1,
RETURN § END
SUBRQUTINE DOWpAC
CCMMCN A, BETA, BETAQ, EINT, CAPRP4, CArPe,
20HNA(2),01D0A(2),DXD2(2), DMDA(2), EPSH , F{2), FOG(2),
3FUNC, Gi2), GAMME, IFZ1, IR22, JOR, J0S,
4 J1R, JIRP, J1S Jise, Ky KAPPA, KSG,
SLENGTH, MU, My, NEn, CMEGA, P, eI,
& RHO, SIGMA, YOR, Y0S, YiR, Y190, V1S,
7 Y1SP
REAL I921,IRZ2,KAPPA,KSN,LENGTE,NU
REAL - JO0S 3 1S, J1SP U022 ,J1R,J1RP,NSO,KyMUD
TEAIML = SIGMASSIGMA-NSNSRHORHC
TEoMi= TERMI®A® JOS*YIRP/SIGHA
S= SIGMA®Y § S=1,-2./S/8
R=PHO%A 23=2,/R-R#NSO*R*S
S=S*JIS*YLIC § TECML=TEPMI4S+(NSN*RHC*RYL/SIGMA/STISNA-1,.)*J15%Y0D
Sz OMEGA®EPSO*RHC*SIZ™A®SIGM2
S= (NSOQ=1.)*K*K*BETA/S
S=S® (SIGME*JOS*Y 1R+R40PJIS*Y02-2,%J1S%Y1P/A)
DC 5 1=1,2
S DHDA(I)=C*PI*FRO>(TERMYINE(TI) +S*G(I) )
RETURN ¢ END
SU3ROUTINE OTICAC
CCMMCH A, RETA, BETAQ, gINT, caoi, CAFg,
20ENA(2),0INA(2),0kDA(?), O%DAL(2), €EPSO , F(2), FOGL2),
. IFUMC, G121, Gavvy, Ig22, IRZ2, JOR, Jos,
L J1R, Ji?P,' J1S, J1SPy Ky KapPa, KS%y
SLEMGTH, MU, My, NS0, CMEGA, P, PT,
f EHO, SI1GMA, YR, Y S, YiR, YiRP, Y1iS,
. 7 Y1eP
SFAL IRZ1,1IPZ2,4XAF24,KS0, LENGTH, Y
v
a0e®,
pTC 43\16“‘)
e O qopt
, o VO\\Ob\cd‘b\e ¥
B_
oYl
90
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REAL J0S,.15,J1SP,J0°,J1R,JIPP,NSQ,K,"Y0
TEPWESICPAS JAS*JIROUO* JISPJOIR-2,%J1S%J1R/A
TEOINS= (NSQ=1,)*K*(*2TA/(OMEGAYEPSB*RHOSSIGMASSIGHA)*TERYS
TERIMY = SIGUASSIGMA-NSCARHO*OMC
TERMI=TERPMI®ASJ0S®J{PR/SIGMA
TEOM2=2, /RHO/ A~RYCP R3¢ NSDP (RHN® A= ,3RHN/SIGMA/SIGNA/Z AY
TERM2 = TERM24)1S8)1PT TEOMI=NSN*QRHO*RHC/ SIGMA/SIGHA-1.
TEPMI = TEIMI*J15+402?
TEPMI= TEQMY +TEPM2 » TERMZ
07 5 I=t,2
S BIDA(I) == .5*FI*RHOC(TEPMI®*F({I) +TERMS*G(I) )
RETUON $ END
SUIRGUTINE DKCAC

CCuMON 4, BETA, BETAD, EINT, capa, CAFR,

2DrDA(2),C10A(2),01DA12), OMDA(2), EPSO , FU2), FOGL2),
IFUNC, Gt2), GAMMA, IRZ1, 1RZ2, JIR, JOS,
4 J1R, J1RP, JtS, 215P, Ky KAPPA, KSCy
SLENGTH, MU, MU, NSO, oMz G, Py PI,
6 FHO, S1GMA, YQR, Y oS, YiR, YiRP, YisS,
7 YiSP

REAL MU

REAL IRZ1,IPZZyKAPPAJXSGyLENGTH
PEAL J0S,4J1S,J1SP,J40°,J42,J19PNSCyK,MUQ
TEOMY{=0OMEGCA*MUSSIGMA®RHN
TEOMLI=2ETASIJOSPYIR*SIGMAS RHN2J1S2YDR-2,2J1S2Y1IR/AY/TERML
TEOM2=(A®JOSPYLIRD &2 ,* J1S* VI R/RHO/ SIGMA/L-J1S®YOR/SIGML)
BC 5 I=1,2
S OxNa(1)=
= PI®RHO®,S3(NSO=1,) *K*K/STCMAS(TERMISF (1) ¢ TERM28G(I) }
RETURM ¢ END
SUIRSUTINGE DMCAL

cevmen 9, geEvTA, | BETAQ, BINT, CaPA, Care,
2DHNA(?) ,PICA(2),0K02E(”), DOMDA(2), EPSO , F(2), FOG(2),
IFUNG, Gt2), GAMMY, IRZ4, IRZ2, JOR, JOS,

b J1R, J15P, J1S, J15P, Ky KAPPA, XSG,
SLENGTH, My, My 9, NSQ, CNEGA, Py PI,

& KRN0, SICNA, Yne, Y 0S, YiR, YiRP, ¥LS,

7 Y1SP

REAL MU

QEAL J0S,J1S,J1S0,J0°,J1R,J1RP,NSC,K,4UD
REAL KAPP/,KSGC,LENGTH
S= OMEGA*NMUSSIGMA#3IMD
TEPM{=8ET /S (SIGMACINSSJIR+PHCHJ1S2I0R-2,*J1S%J17/ A)
TEPM =A®JOSPJIRP 42, %) 152 JIR/RHC/SIGNA/A
TERM = TERN «~J1S®JOR/SIGNA
BO 5 I=1,2
5 DMDA(I)=
~ S*PI*RMO* (NSO-1,)¥K*K/SIGHA® (TERMSG(I) ¢ TERML*F(I) )
RETURN $ ENO
SUBRQUTINE ERFOS
CCMMCN 2Z149)
REWIND 6
WRITE(R,5) (22(1},1=1,49)
5 FCOMAT(10F1245)
RETURMN ¢ END
SUQROUTINE GAMSCLV

"

cCMMON A, BETE, EETAM, BINT, cara, careg,
20HDAL2),LINA(2) 4LKDAL2), DMDAL2), FPSH , FL2y, FOGL2)Y,
IFUNE, Gi2), GAwMus, IRZ1, rz2, JIR, Jos,
b J1%, Jiee, Ji1s, J15P, Ky KAPPA, KSCy
SLENGTH, MU, Mya, NSO, OMEGA, Py PIy

£ RHD, SIGMA, ¥9o, Y Q0S, ¥, YiRP, Y1$,

? YisP

CCMMCN /NUMAER/ KMAX,NMEX,IFPT, IRTYL ,AC ALEN,SKITCH,Z,02

A i
B8 CoPY S egible reprod
pe

-
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CCuUMON /AgYs 2ARDAY

CCMMON /ERYZ EARSAY

CCM%04 /GRY/ GASTAY

BIMENSICN GARRAY (1) ,84RFAY(1),84RDL4Y(Y)

REAL JO,J1

RFAL LOA,NU,MU

REAL LENGTH

PEAL K yKAFFA,KSG,MUD,NSO

OIMZINSION KF(T) .

Z=0 % DZ=UENGTH/FLOAT (NMAY) ENMAYI=NMAL+H1

0C 5 TI=1,NMAX1

CALL ITERATE

IF(GAMMA 4LT,0.) RETUON

BETAQ = KSC+ GAMMAsGAWpA

KAPDPA = QCRTY(NSC*KSN-2ETAN)

BETAOD = SCFPT(EETAD)

X= KAPPA+S8 & J0=35J0(X) %41 = EEJL(X)

Ti= NSQ*(J0/7J1=-1./7X)/X

Y=GAMMA®A T CALL HANKIL(L,X,HF,DUM,FQ,DBLM}

Fi1= SORT (EFSO/MLN)

T2=(=F O/ F (1) -2, /X) /X

FAC = (KAFPASKAFPA & GAMMA & (GAMMA)®ETTAD®A

FAC = =KSA*KAFPRASAPKADPASASFL/FAC *GAMMA» GAMME

= FAC*(T1+T2) %s2aASN = EQA#30A

= KAPFASIscApPAnd «(JT*S0+J1%41) -2,7%01%J1

T = T1*(PSQ+ MUON®BCASN/EPSC)SKeIETAG/XAPPA/KAPFA/KAPPA/CLPPA
T2= X*X*(1.~FO/RF (1) Y &2,

T2= K*BETAN*TZ/GAMMA/GANMA/GEANYA/GAMMLE 33181
T2= T2%(1,+MUn*c04ss/7seSQy

T3 =(BETAG+*BETAQ#NSC*YSC) /KADPPA/XAPPA/KAPPA/K2DPA
T2 =T2-(RETAQ*BETAJ+KSCY/GANMMA/GANMA/GANMMA/GAMMA
T3 = T3*2CA%2,*S2PT(MUN/EPSTY*J1*)1)
P=,25%P1%(T1+T2¢TX) *$SORT(EPSA/MUY)

IF(P.LT,0,) P==P

cCAP8 = SQRT(L1.7F) ¢ P=1.

CeP8 = CAFA®RCA

GARRAY(IT)=GAMMA RAARPAY(II)=CAPA § EARRAY(IIN=CAPE
2=7+CZ

A=FN(Z)

NKN=0 $ RETURN % ENTRY GAMFIND

NN = NN+1 $ GAMMA = GARRAY (NN) T CAPA = ARRRAY(NN) % [APE =EaRc2v ()

Y (N)
EETAQ=KSC+GANMAPGAVMA BKAPFA=SAOT(INSA*KSQ-2ETAD)
BETAQ= SCRY(BETAQ)
IF(NNJGE.NMAXL) NN= ]

RETU2N ¢ ENO

SUGRNUTINE ITERATE

CCMMON A, BETA, BETAQ, EINT, cara, CAPE,
20DA(2),01I04(2),CKk02(2), OMIAL2), EPSO , FL2), FCG(2),
IFUNC, G2, GaM4a, 1821, IRZ2, JOR, Jas,

4 Jie, JIRP, J1S, J1SP,y Ky KAPP A, XSCy
SLENGTH, MU, MNUD, NS, CMEGA, Py eI,

€ RHO, sIGra, Ya e, Y 3S,y Y1R, Y129, Y1S,
7 YLSP

CCYMCN /NUMBESR/ KMAX NMAX ,IFT,IPTML,2E,4LEN,SKITCH,2,02
REAL KykSQ, ASGyMUD,NSTP1,KAPPA
OIV“ENSION 8(200)

INZEY=g

JJMax=0

KAPP A=K SQRY ( NSGe1,)

X=KAPPA®AY X= (3543 (¥Y/73ESL (X} 1 /Y

NENPL=NSA¥L § x=z,54NSQPYe
Ga' vl = 1,127+€¥0(-X1 /74 3
{

L1eCaMva Lob
NN=N(4,GAaMYA) ¢ AMTIy =tfce
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DC 12 I=1,60

7L =N

GAMMA = CANMA o DGAMMA * NN= Q(A,GAMMY)

JU=?PT  §4UP=2e1-1 $3{JJ)=GAMME § B(JJIPI=CN § JJIMAX =JymMAXe? ’
IF(AL*ON) 3,3,12

CONTINUE

GC T1C 6

GAMMA = GEMMA - DGAMMA N

EST=GAMMA + DGAMMASCL/(QL-CN)
0F =G(A,EST) ¢ IFLAES{CD).GT,AMIN) GO TC 2
GAMMA = EST § RETURN

INDEX= INCEX 4+t % IF(INDEX.GT.70) GO TO €

IF1QB*QL) 11,5

DGAMMA = RST~GAMMA $ ON = Q2 ¢ GO TO 7

OGAMMA = CAMMA ¢DGAMMA-ESTE GAMMA =EST SCL=0EEXG3 TC 7

PRINT 4, INCEX,GAMMA,QN,DGAMMA, CL

FCOMAT (1H0,*THFE ITERATION DIC NOT CCNVERGE®,/,I5,4E15.9)

PEINT 38,142

PRINT 8a,t 8UJJ)yJJ=1,JI40X)

FCPMAT (2E12.5)

GANMA = -1,

RETURN ¢ END

FUNCTION C(A,GAMMA)

CCMNON 22, BETA, BEYAD, aINT, caea, cApe,
20KNA(2),DI0A(2),0KDA4(2), D™DA(?), EPSO , F(2Y, FCG(2),
3FUNC, G12), GOoMMa, IRZt, IPZ2, JORy J0s,
L oJ1R, J1°°P, J1Sy J1SP, Ky KAPPA, KSC,
SLENGTH, MU, My, NSO, OMEGA, Py PI,

6 RHO, SIGMA, YOR, Y0S, YiR, Y{RP, Y1S,
7 visP

REAL JCGyJEyNS2,K,XaP,KS0,KAPSN
DIMENSION HF (D).
BETSG=KSD¢GAMMA®GAMMA  FaCTAQ=CNART(GETSC) $ GAMSO=GAMMARCAMMA
XADSQ = NEQPKSR=3FTSN
KAP=SART (K APSQ)
X= KAP*A § JO=BEJN(X) $ Ji= BEJL(X)
TEPME =(J0/J1~-1.7X) PA®GAMSQ/KAF
X = GAMMASA
CALL HANKEL(L1,X,HF4CUM,F3,0UM)
TERM2 ==X*F0/KF (1)
FAC= (NSQ®TERMI+TERN?) * {TEPMI+TERM2) -~ (NSGCP*TERML+TERN2) - (TERML+TERN?
2)
TEOML=((NSG*NSC=1,) *KSQ-G2AMSQ) *GAMNSG/KAPSN/KAPS]
Q=cAC-TERPY
RETUPN $ END
FUNCTION FN(Z)
CCMMON /NUMBER/ KMAXyNMAX,IPT,IPTML,AE ALEN,SWITCH
IF(SWITCH) 2,2,4
FN = D4 +C1®EXP(D2%2) % RETURN
FN = Dt +C2%2 § RETURN
ENTRY FNP
IF(SWHITCH) 3,3,C
FN = D3*EYP(D242) § RETURN
FN = D2 ¢ RETURN
ENTRY INIT
IF(SWITCHY 7,748

D1 = (2=8E)/7(1.-EXP(SHITCH) ) & 02 = SWITCH/ALEN $ DI=01202

Dy = 2 =01 $ POINT 1,02 $ PETUSN

FCOMAT (S QEXPONENTIAL TAPER A(2) = D4 ¢ D1 EXPU®,510.4y%2)Y* )

PEINT 8 °

FCRVAT (0L INEAR TAPEP (MASCUSE) A = Al + (A2-21)7* )
01 = 2 $ 02 = (AE=-2)/ALEN

QETYRN § END does ﬂﬂ* .
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